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In the paper “Observation of Fast Evolution in Parity-Time-Symmetric System” the authors
propose a physical apparatus for the realization of a faster than Hermitian evolution. This last ap-
pears in contrast with the conclusions obtained in our paper “Some Remarks on Quantum Brachis-
tochrone”. We will clarify this apparent contradiction and some problematic aspects of the treatment
in [1].
PACS numbers: 03.65.-w, 03.65.Yz, 03.65.Ca, 03.67.-a, 03.67.Lx.
The Quantum Brachistochrone Problem can be formu-
lated as follows:
Given two quantum states |ψi〉 and |ψf 〉, we want to
find the (time-independent) Hamiltonian H that performs
the transformation
|ψi〉 → |ψf 〉 = e− i~Hτ |ψi〉 (1)
in the minimal time τ , for a fixed value of the difference
of eigenvalues of H.
This problem was solved in [2] where it was shown that,
if we put ω = |E+ − E−|, the minimal time to perform
the required transformation is
τ =
2~
ω
arccos |〈ψi|ψf 〉|. (2)
The same problem can be formulated allowing the use
of pseudo Hermitian Hamiltonians [3] and its solution
gives the apparently paradoxical possibility of operating
a computational process in an arbitrarily small time and
with limited energy costs [4].
In section III of [5] we showed that the analysis of the
so called transition problem, introduced in [6], induces
the impossibility to realize a pseudo Hermitian dynamics
of an Hermitian quantum system. This last observation
implies that only simulations of pseudo Hermitian (PH)
dynamics by means of open quantum dynamics are pos-
sible (note that in the finite dimensional case PT sym-
metric is equivalent to pseudo Hermiticity (see [7] and
[8])).
In [1] the authors propose a physical apparatus, whose
schematic representation is given in figure 1, that simu-
lates a PT symmetric dynamics (see [1] for the explicit
expression of the unitary operators V,U1 and U2). For
our remarks, we need only to note that the apparatus
realizes a unitary transformation between the initial and
final states (see figure 2).
This apparatus apparently contradicts our analysis in
section IV of [5], where we showed that a simulation
of a pseudo Hermitian dynamics by an Hermitian open
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FIG. 1. The experimental apparatus used in [1].
dynamics inevitably introduces dissipative effects. In fact
the subdynamics on the work qubit e, obtained tracing
over the auxiliary space a, in the apparatus represented
in figure 1, is a trace preserving completely positive map.
But using Proposition IV.1 of [5], this last observation
has as immediate consequence that the subdynamics is
a pseudo Hermitian evolution only on a restricted subset
of states. Indeed this simulation is only partial and this
contradiction is solved.
More explicitly, we note that the subdynamics pro-
posed in [1] is not deterministic and so a non zero proba-
bility that the desired evolution is not realized exists. In
particular we observe that
U |0e〉 ⊗ |0a〉 = αe
− i~Ht
γ
|0e〉 ⊗ |0a〉+ β|ψe〉 ⊗ |1a〉 (3)
where γ = ‖e− i~Ht|0e〉‖ and |β|2 is the probability to
obtain the wrong transformation.
Moreover, equation (2) can be used to establish the
connection between the physical quantities involved in
the transformation:
T ≥ 2~
ω
arccos |α(〈0e|e− i~HT |0e〉)|. (4)
where T is the time needed to operate the transformation.
If after a time T we obtain that
e−
i
~HT
γ
|0e〉 = |1e〉
we have that the faster evolution is due to an increment of
ω, and not to the pseudo Hermitian nature of H. More-
over because |α| is necessarily < 1 we obtain that this
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2FIG. 2. A more general apparatus.
simulation is not efficient with respect to a purely closed
Hermitian dynamics. This means that we can realize a
pseudo Hermitian evolution, but, according to the analy-
sis in sections IV−V of [5], this simulation has an energy
and/or efficiency cost.
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